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[10] $(G, P)$ Weng [7]
(high rank zeta functions)
[10] [7]






$\zeta_{C}(s)=\sum_{[L]\in Pic(C)}\frac{q^{h^{0}([L])}-1}{q-1}q^{-s\deg([L])}$ . (2.1)
Pic $(C)$ $C$ $[L]$ $L$




der Geer-Schoof [6] Riemann :
$\hat{\zeta}(s)=\int_{Pic(\mathbb{Q})}(e^{h^{0}([\hat{L}])}-1)e^{-s\cdot\deg([\hat{L}])}d\mu([\hat{L}])$, (2.3)
Pic $(\mathbb{Q})\simeq \mathbb{R}_{>0}$ $\mathbb{Q}$ Arakelov $r$
$\mathbb{Z}$ $L$ $L\otimes \mathbb{R}$ Hermite $\Vert\Vert$ $\hat{L}=(L, \Vert\Vert)$ $\mathbb{Q}$ $r$
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Arakelov 1 Arakelov (2.3)
Arakelov $\hat{L}=(L, \Vert\Vert)$ “ ” $h^{0}(\hat{L})$


















$h^{0}(\hat{E})$ (2.4) $L$ $E$
$\mathbb{Q}$ $F$ $\hat{\zeta}_{F,r}(s)$
Weng ([8]):
(WO) $\hat{\zeta}_{F,1}(s)=\hat{\zeta}_{F}(s)$ (Dedekind ),
(Wl) $\hat{\zeta}_{F,r}(s)$ (2.5) $\Re(s)>1$


















$D_{0}=\{z=x+iy|-1/2\leq x\leq 1/2,0<y\leq 1, x^{2}+y^{2}\geq 1\}$ .
Eisenstein Fourier
$\hat{\zeta}_{\mathbb{Q},2}(s)=\frac{\hat{\zeta}(2s)}{s-1}-\frac{\hat{\zeta}(2s-1)}{s}$ (2.7)
$\hat{\zeta}_{\mathbb{Q},2}(s)$ Riemann Riemann $\zeta(s)$







$\hat{\zeta}_{\mathbb{Q},r}(s)=\frac{r}{2}\int_{M_{\mathbb{Q},r}[1]}\hat{E}(\Lambda,$ $\frac{r}{2}s)d\mu(\Lambda)$ . (3.1)
$M_{\mathbb{Q},r}[1]$ $r$ , 1 $\mathbb{Z}$ $E(\Lambda, s)$
$\Lambda$ Epstein :









$\{z=x+iy|-1/2\leq x\leq 1/2, x^{2}+y^{2}\geq 1\}$
$D_{\infty}$ (2.6)
$\int_{D_{0}}\hat{E}(s, z)\frac{dxdy}{y^{2}}=\int_{D_{\infty}}\Lambda^{0}\hat{E}(s, z)\frac{dxdy}{y^{2}}$ (3.2)
$\Lambda^{T}\hat{E}(s, z)=\{\begin{array}{ll}\hat{E}(s, z), y\leq e^{T}, z\in D_{\infty},\hat{E}(s, z)-(\hat{\zeta}(2s)y^{s}+\hat{\zeta}(2s-1)y^{1-s}), y>e^{T}, z\in D_{\infty}.\end{array}$
(3.2) $D_{0}$ $\Lambda^{T}\hat{E}(s, z)|_{T=0}$
$\Lambda^{T}\hat{E}(z, s)$ Epstein
Eisenstein
$G=SL(r),$ $K=SO(r),$ $B=TU$ $G$ Borel
$X^{*}(T)$ $T$ $=X^{*}(T)\otimes_{Z}\mathbb{R}\simeq \mathbb{R}^{r-1}$ ,
$a0=Hom(X^{*}(T), \mathbb{R})\simeq \mathbb{R}^{r-1}$ $\lambda\in a_{0}^{*},$ $g\in G(\mathbb{R})$ Eisenstein
$E(\lambda, g)$
$E( \lambda,g)=\sum_{\gamma\in B(Z)\backslash G(Z)}\exp(\langle\lambda+\rho, H_{0}(\gamma g)\rangle)$
$2\rho$ $(G, T)$ $H_{0}$ : $G(\mathbb{R})arrow a_{0}$
$H_{\alpha}=[X_{\alpha}, X_{-\alpha}]\in\alpha_{0}$ ( $\alpha\in\triangle$ : )
$r$
$\hat{\zeta}_{\mathbb{Q},r}(s)=\frac{r}{2}\hat{\zeta}(rs)[\int_{G(Z)\backslash G(\mathbb{R})}\Lambda^{T}{\rm Res}_{\lambda}E(\lambda, g)dg]_{T=0}$ (3.3)
$\lambda\in a_{0}^{*}$ $(s_{1}, \cdots, s_{r-1})$ $\alpha_{i}\in\Delta$
$\lambda_{i}$
$\lambda=\rho+(rs_{1}-r)\lambda_{1}+\sum_{i=2}^{r-1}s_{i}\lambda_{i}$ $(s=s_{1})$
$\Lambda^{T}(T\in\alpha_{0})$ Authur ${\rm Res}_{\lambda}$ $(r-2)$











$G$ Weyl $W$ $\Phi_{w}=\Phi^{+}\cap w^{-1}\Phi^{-}$ ,












$\langle\lambda-\rho,$ $\alpha_{i}^{\vee}\rangle=s_{i}=0(2\leq i\leq r-1)$
( $\lambda=\rho$ $E(\lambda,$ $g)$ )
Eisenstein Epstein
(3.4) Weyl
$G$ ( ) 1 1
$G$




$G$ $\mathbb{Q}$ $T\simeq GL(1)^{\ell}$ $G$ $B=TU$
$\mathbb{Q}$ $G$ Borel $\Phi$ $(G, T)$
$W$ Weyl $\Delta\subset\Phi$ $B$
$\omega_{\mathbb{Q}}^{G}:a_{0,\mathbb{C}}^{*}=X^{*}(T)\otimes \mathbb{C}\simeq \mathbb{C}^{\ell}arrow \mathbb{C}$
$\omega_{\mathbb{Q}}^{G}(\lambda):=\sum_{w\in W}\prod_{\alpha\in\Delta}\frac{1}{\langle w\lambda-\rho,\alpha^{\vee}\rangle}\prod_{\alpha\in\Phi_{w}}\frac{\hat{\zeta}(\langle\lambda,\alpha^{\vee}\rangle)}{\hat{\zeta}(\langle\lambda,\alpha^{\vee}\rangle+1)}$
$\Phi_{w}=\Phi^{+}\cap w^{-1}\Phi^{-},$ $2 \rho=\sum_{\alpha\in\Phi+}\alpha,$ $\alpha^{\vee}=2\alpha/\langle\alpha,\alpha\rangle$ .
(3.4) $v=1,$ $T=0$ (3.4) Riemann
Eisenstein intertwining operator
$M(w, \lambda)$ Langlands [5] Riemann
$L$
$B$ $G$ $P$ $\alpha_{P}$









Definition 1 ( $(G,$ $P)$ $/\mathbb{Q}$ , Weng, 2007).
$\hat{\zeta}_{\mathbb{Q}}^{G/P}(s):=\prod_{k,h}\hat{\zeta}(ks+h)\cdot\omega_{\mathbb{Q}}^{G/P}(s)$
.




[10, Appendix] ([11] ).
Weng $(G, P)$ $\hat{\zeta}_{\mathbb{Q}}^{G/P}(s)$
[10] :
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Conjecture 1( ) $c_{P}\in \mathbb{Q}$ :
$\hat{\zeta}_{\mathbb{Q}}^{G/P}(-c-s)=\hat{\zeta}_{\mathbb{Q}}^{G/P}(s)$ .
Conjecture 2 (Riemann ) $\hat{\zeta}_{\mathbb{Q}}^{G/P}(s)$
$\Re(s)=-\frac{c_{P}}{2}$
Theorem 1 (Weng, H. Kim-Weng, Komori). Conjecture 1
$c_{P}$ :




$SL(n)(n=2,3,4,5),$ $Sp(4),$ $SO(8),$ $G_{2}$ Weng
H. Kim-Weng $(SL(n), P_{n-1,1})(n\geq 2)$
[3]
$c_{P}$
Theorem 2 (Lagarias-S., S., Ki). $G$ $SL(n)(n=2,3,4,5),$ $Sp(4),$ $G_{2}$
$P$ $G$ ( 10 $(G,$ $P)$ )
$\hat{\zeta}_{\mathbb{Q}}^{G/P}(s)$





Theorem 2 Weng $\hat{\zeta}_{\mathbb{Q}}^{G/P}(s)$
H. Ki
(eg. SL(4), $SL(5)$ )
Theorem2 [1], [3]











$P$ $\Delta_{P}=\triangle\backslash \{\alpha_{P}\}$ $\hat{\zeta}_{\mathbb{Q}}^{G/P}(s)$
Weyl :
$\text{ _{}P}:=\{w\in W|\Delta_{P}\subset w^{-1}(\triangle\cup\Phi^{-})\}$ . (5.1)
$\Phi^{-}$ ( P
) $\omega_{\mathbb{Q}}^{G/P}(s)$ P
$\omega_{\mathbb{Q}}^{G/P}(s)=\sum_{w\in 2D_{P}}\prod_{\alpha\in(w^{-1}\Delta\backslash \Delta_{P})}\frac{1}{\langle\lambda_{P},\alpha^{\vee}\rangle s+ht\alpha^{\vee}-1}$
$\cross\prod_{\alpha\in\Phi_{w}\backslash \Delta_{P}}\hat{\zeta}((\lambda_{P}, \alpha^{\vee}\rangle s+ ht \alpha^{\vee})\prod_{\alpha\in(-\Phi_{w})}\hat{\zeta}(\langle\lambda_{P}, \alpha^{\vee}\rangle s+ ht\alpha^{\vee})^{-1}$
.
$($ [3, (2.7)] $)$ . ht $\alpha^{\vee}=\langle\rho,$ $\alpha^{\vee}\rangle$ . $(-\Phi_{w})\subset\Phi^{-}$
$Z_{P}(s):= \omega_{\mathbb{Q}}^{G/P}(s)\prod_{\alpha\in\Phi^{-}}\hat{\zeta}(\langle\lambda_{P}, \alpha^{\vee}\rangle s+ht\alpha^{\vee})$
$Z_{P}(s)$ $\hat{\zeta}(as+b)$ $\hat{\zeta}(c)(a, b, c\in \mathbb{R})$ $\hat{\zeta}_{\mathbb{Q}}^{G/P}(s)$
$Z_{P}(s)$ $\hat{\zeta}(as+b)$ $Z_{P}(s)$ QP $(s)$
$X_{P}(s)$ $\omega_{\mathbb{Q}}^{G/P}(s)$ $P$ $X_{P}(s)$






Lemma 5.3 $W$ $w_{0},$ $W_{P}$ $Wp$
$X_{P,w}(-c_{P}-s)=X_{P,www}0P(s)$ ,
$Q_{P,w}(-c_{P}-s)=\pm Q_{P,w0ww}P(s)$ , QP $(-c_{P}-s)=\pm Q_{P}(s)$ ,
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$($ $l(w)=|\Phi^{+}\cap w^{-1}\Phi^{-}|$ $)$ .





$e\in W$ $l_{P}(e)=0$ $Q_{P,e}(s)X_{P,e}(s)$ $E_{P}(s)$
:
(1) $Q_{P,e}(s)X_{P,e}(s)$ $E_{P}(s)$ $\Re(s)\geq-c_{P}/2$
(2) $\hat{\zeta}_{\mathbb{Q}}^{G/P}(s)X_{P,e}(s)/X_{P}(s)$ $\Re(s)>-c_{P}/2$
–
1. $w\in 2D_{p}$ $\alpha\in(\Phi^{+}\backslash \Phi_{P}^{+})\cap w^{-1}\Phi^{-}$ $\alpha j\in\triangle_{P}$
$\alpha+\alpha_{j}\in\Phi^{+}\backslash \Phi_{P}^{+}$ $\alpha+\alpha_{j}\in(\Phi^{+}\backslash \Phi_{P}^{+})\cap w^{-1}\Phi^{-}$ .
$w\in$ P, $\triangle_{P}\subset w^{-1}(\triangle\cup\Phi^{-})$ ,
$w\in$ P
$\frac{X_{P,w}(s)}{X_{P,e}(s)}=\alpha\in(\Phi+\backslash \Phi_{P}^{+})\cap w^{-1}\prod_{\Phi^{-}}\frac{\xi(\langle\lambda_{P},\alpha^{\vee}\rangle s+ht\alpha^{\vee})}{\xi(\langle\lambda_{P},\alpha^{\vee}\rangle s+ht\alpha^{\vee}+1)}$
(5.3)
(1) $(\Phi^{+}\backslash \Phi_{P}^{+})\cap w^{-1}\Phi^{-}$
1 (2) 1
2. $k$ ,
$\Sigma_{P}(k, h)=\{\alpha\in\Phi|\langle\lambda_{P}, \alpha^{\vee}\rangle=k, ht \alpha^{\vee}=h\}$ (5.4)
$\Sigma_{P}(k, h)=\{\beta_{1}, \cdots, \beta_{N}\}$
$k\geq 1,2h+1\leq kc_{P}$ $\Sigma_{P}(k, h)\neq\emptyset$
$\alpha,$ $\cdots,$
$\alpha$ ( ) :
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(i) $\alpha_{j_{\mathfrak{n}}}\in\Delta_{P}(1\leq n\leq N)$ ,
(ii) $\beta_{n}^{\vee}+\alpha_{j_{n}}^{\vee}\in(\Phi^{+}\backslash \Phi_{P}^{+})^{\vee}(1\leq n\leq N)_{f}$
(iii) $\beta_{m}^{\vee}+\alpha_{j_{m}}^{\vee}\neq\beta_{n}^{\vee}+\alpha_{j_{n}}^{\vee}(m\neq n)$ .
(53) (54) (1) (2)
$\Sigma_{P}(k)=\bigcup_{h=1}^{\infty}\Sigma_{P}(k, h)$ $(k=1,2,3, \cdots)$
$w^{-1}\Phi^{-}$ 1
2 $(\Phi^{+}\backslash \Phi_{P}^{+})\cap w^{-1}\Phi^{-}$
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